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Abstract 

We consider a two-player zero-sum stochastic differential game in which one of the players has 
a private information on the game. Both players observe each other, so that the non-informed 
player can try to guess his missing information. Our aim is to quantify the amount of information 
the informed player has to reveal in order to play optimally: to do so, we show that the value 
function of this zero-sum game can be rewritten as a minimization problem over some martingale 
measures with a payoff given by the solution of a backward stochastic differential equation. 

Keywords. Stochastic Differential Gaines, Backward Stochastic Differential Equations, Dynamic Pro- 
gramming, Viscosity Solutions 
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1 Introduction 

In this paper we consider a two player zero-sum game, where the underlying dynamics are given 
by a diffusion with controlled drift but uncontrolled (non-degenerate) volatility. The game can take 
place in / different scenarios for the running cost and the terminal outcome as in a classical stochastic 
differential game. Before the game starts one scenario is picked with the probability p = {pz)iG{i,...,/} G 
A(/). The information is transmitted only to Player 1. So at the beginning he knows in which scenario 
he is playing, while Player 2 only knows the probability p. It is assumed that both players observe the 
actions of the other one, so Player 2 might infer from the actions of his opponent in which scenario 
the game is actually played. 

It has been proved in Cardaliaguet and Rainer [6] that this game has a value. To investigate the game 
under the perspective of information transmission we establish an alternative representation of this 
value. We achieve this by directly modeling the amount of information the informed player reveals 
during the game. To that end we enlarge the canonical Wiener space to a space which carries besides 
a Brownain motion, cadlag martingales with values in A(/). These martingales can be interpreted as 
possible beliefs of the uninformed player, i.e. the probability in which scenario the game is played in 
according to his information at time t. 

The very same ansatz has been used in the case of deterministic differential games in Cardaliaguet 
and Rainer ,7 , while the original idea of the so called a posteriori martingale can already be found 
in the classical work of Aumann and Maschler (see [2]). Bearing in mind the ideas of Hamadene and 
Lepeltier [14^ we show that the value of our game can be represented by minimizing the solution of 
a backward stochastic differential equation (BSDE) with respect to possible beliefs of the uninformed 
player. 

A cornerstone in the investigation of stochastic differential games has been laid by Fleming and 
Souganidis in [12] who extend the results of Evans and Souganidis [11] to a stochastic framework. 
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Therein it is shown that under Isaacs condition the value function of a stochastic differential game is 
given as the unique viscosity solution of a Hamilton- Jacobi-Isaacs (HJI) equation. 

The theory of BSDE, which was originally developped by Peng il? for stochastic control theory, has 
been introduced to stochastic differential games by Hamadene and Lepeltier [141 and Hamadene, Lep- 
eltier and Peng [TS]. The former results have been extended to cost functionals defined by controlled 
BSDEs in Buckdahn and Li [3], where the admissible control processes are allowed to depend on events 
occurring before the beginning of the game. 

The study of games with incomplete information has its starting point in the pioneering work of 
Aumann and Maschler (see [2] and references given therein). The extension to stochastic differential 
games has been given in Cardaliaguet and Rainer |6l. The proof is accomplished introducing the 
notion of dual viscosity solutions to the HJI equation of a usual stochastic differential game, where 
the probability p just appears as an additional parameter. A different unique characterization via the 
viscosity solution of the HJI equation with an obstacle in the form of a convexity constraint in p is 
given in Cardaliaguet h^. We use this latter characterization in order to prove our main representation 
result. 

The outline of the paper is as follows. In section 2 we describe the game and restate the results of [3] 
and [S] which build the basis for our investigation. In section 3 we give our main theorem and derive 
the optimal behaviour for the informed player under some smoothness condition. The whole section 
4 is devoted to the proof of the main theorem, while the appendix provides some proofs of extensions 
to classical BSDE results, which are necessary for our case. 

2 Setup 

2.1 Formal description of the game 

Let C([0, T];R'^) be the set of continuous functions from M to W^, which are constant on (— c)o,0] 
and on [T, +oo). We denote by Bs{ijOb) = '^s(s) the coordinate mapping on C([0,r];M'*) and define 
H = (Hs) as the filtration generated by s Bg. We denote ilt = {u} £ C{[t,T];R'^) and Ht^s the cr- 
algebra generated by paths up to time s in il^. Furthermore we provide C([0, T]; M'') with the Wiener 
measure P° on (Hs)- 

In the following we investigate a two-player zero-sum differential game starting at a time t > with 
terminal time T. The dynamics are given by a controlled diffusion on (C([t, T]; R''), {Ht,s)sGlt,T] , 'H, P"), 
i.e. for t e [0,T],x eM.'^ 

^Xl^x,u,v ^ ^(^^ xt^x,u,v^ Us,Vs)ds + a(s, X*^^ = x. (1) 

We assume that the controls of the players u, v can only take their values in some set U, V respectively, 
where U, V are compact subsets of some finite dimensional spaces. 

Let A(/) denote the simplex of M^. The objective to optimize is characterized by 

(i) running costs: ...,/} : [0, T] x M'' x [/ x F ^ M 

(ii) terminal payoffs: {gi)ie{i....j} : K'^ M, 

which are chosen with probability p E A(/) before the game starts. Player 1 chooses his control to 
minimize. Player 2 chooses his control to maximize the expected payoff. We assume both players 
observe their opponents control. However Player 1 knows which payoff he maximizes. Player 2 just 
knows the respective probabilities pi for scenario i G {1, . . . , /}. 
The following will be the standing assumption throughout the paper. 
Assumption (H) 

(i) b : [0, T] X M'' X ?7 X — >■ R'^ is bounded and continuous in all its variables and Lipschitz 
continuous with respect to (t^x) uniformly in {u,v). 

(u) For 1 < kj < d the function ak,i : [0,T] x M'' ^ M is bounded and Lipschitz continuous with 
respect to {t,x). For any {t,x) £ [0,T] x R"^ the matrix a*{t,x) is non-singular and {a* {t, x))^^ 
is bounded and Lipschitz continuous with respect to {t,x). 
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(iii) : [0, T] X M'' X [/ x — > M is bounded and continuous in all its variables and Lipschitz 
continuous with respect to (i, x) uniformly in (u, v). {gi)iei '■ M.'^ — > M is bounded and uniformly 
Lipschitz continuous. 

(iv) Isaacs condition: for all {t,x,^,p) G [0,r] x R'^ x R'* x A(/) 

inf„£(7sup„gy |(6(t, a;, +J2'i=iPih{t,x,u,v)^ 

(2) 

= sup„gy inf„e,7 a;, u, w), +J2l=iPihit,x,u,v)'j =: H{t,x,^,p). 

By assumption (H) the Hamiltonian H is Lipschitz in uniformly in (t,x) and Lipschitz in {t,x) 

with Lipschitz constant c(l + |^|), i.e. it holds for aU t,t' e [0,r], x,x' € R'^, G M'', p,p' £ A(/) 

\Hit,x,tp)\<c{l + \^\) (3) 

and 

\H{t, X, ^,p) - H{t', x', e,p')\ < c(l + -x'\ + \t-t'\)+c\^-e\+ c\p - p'\. (4) 



2.2 Strategies and value function 

Definition 2.1. For any t G [0,T[ an admissible control u = {us)s£it,T] for Player 1 is a progressively 
measurable process with respect to the filtration {'Ht,s)se[t,T] with values in U. The set of admissible 
controls for Player 1 is denoted hyU{t). 

The definition for admissible controls v — {vs)se[t.T] for Player 2 is similar. The set of admissible 
controls for Player 2 is denoted by V{t). 

In differential games with complete information as in [T^ it is sufficient, that one player chooses at the 
beginning an admissible control and the other one chooses the optimal reaction to it. In our case the 
uniformed player tries to infer from the actions of his opponent in which scenario the game is played 
and adapts his behavior to his beliefs. Thus a permanent interaction has to be allowed. To this end 
it is necessary to restrict admissible strategies to have a small delay in time. 

Definition 2.2. A strategy for Player 1 at time t e [0,T[ is a map a : [t,T] x C([i,T];R'^) x 
L'^{[t,T];V) U which is nonanticipative with delay, i.e. there is (5 > such that for all s G [t,T] 
for any /, /' e C{[t,T];R'^) and g,g' G L°{[t,T];V) it holds: / = /' and g = g' a.e. on [t,s] 

/; 9) = Q^('7 9') a.e. on [t, s + 5]. The set of strategies for Player 1 is denoted by A{t). 
The definition of strategies (3 : [t, T] xC{[t, T];R'^) x L"{[t, T];U)^V for Player 2 is similar. The set 
of strategies for Player 2 is denoted by B{t). 

Next we state a slight modification of Lemma 5.1. [B] 

Lemma 2.3. One can associate to each pair of strategies (a,/3) € -^(0 ^ ^i^) ^ unique couple of 
admissible controls {u,v) G U{t) x V{t), such that for all u E C{[t,T];M.'^) 

a{s,U!,v{uj)) = Us{uj) and I3{s,uj,u{uj)) = Vs{uj) . 
The proof is done via a fixed point argument using the delay property of the strategies. 

Furthermore it is crucial that the players are allowed to choose their strategies with a certain additional 
randomness. Intuitively this can be explained by the incentive of the players to hide their information. 
Thus for the evaluation of a game with incomplete information we introduce random strategies. To 
this end let I denote a set of probability spaces which is non trivial and stable by finite product. 

Definition 2.4. A random strategy for Player 1 at time t G [0, T[ is a a pair {{ila, Ga,^a), ct), where 
(fi„,^a,F„) is a probability space in I and a : [t,T] x rj„ x C([i,T];R'^) x L"{[t,T];V) U satisfies 

(i) a is a measurable function, where Via is equipped with the cr- field Ga-, 
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(ii) there exists S > such that for all s e [t,T] and for any /, /' e C{[t,T]:R'^) and g,g' e 
L"{[t,T];V)) it holds: 

f = f and g = g' a.e. on [t, s] /, g) = «(•, f ,g') a.e. on [t, s + 6] for any w G JIq. 

The set of random strategies for Player 1 is denoted by A^it). 

The definition ofrandom strategies ((rj^,e;;3,P^),/3), where /3 : [t,T]xnpxC{[t,T];R'^)xL°{[t,T];U) 
V for Player 2 is similar. The set of random strategies for Player 2 is denoted by B^'{t). 

Remark 2.5. Again one can associate to each couple of random strategies (a,/3) S A^'{t) x B^{t) for 
any (uJcn^fi) € i^a x a unique couple of admissible strategies (u"'^''^f' ,v'^'"'^i^) € U{t) x V(t), such 
that for all w S C([i, T]; R''), s € [i,T] 

a(s,cj„,cj,w'^°''^''(cj)) = and /3(s,a;^,a;,M"-"'^(cj)) = w^°''^''(a;) . 

Furthermore (ajQ,,a;^) — )■ (u'^'"'^*', is a measurable map, from il^ x il^ equipped with the cr-field 

Qa ® Gi3 to V{t) X equipped with the Borel u-field associated to the L^-distance. 

For any {t,x,p) G [0,T[xR'^ x A(/), a G {A''{t)y, P G B^it) we set 



J{t,x,p,a,l3) = Esi,, 



(5) 



where (5) should be understood in the following way. As in Remark 2.5. we associate to cXi, (5 for any 
(wq-jOJ^) G flai X ftp the couple of controls (u'^Si,i^/3^^"5i,"f)y -pj^g process X*'^-"'-'^ is then defined 
for any (wg. jCJ/s) as solution to (1) with the associated controls. Furthermore Eg^^^ is the expectation 
on X ni3xC{[t,T]]R'^) with respect to the probability Pg, (g)P^(g)P'', where P°' denotes the Wiener 
measure on C([t,r];K''). 

Under assumption (H) the existence of the value of the game is proved in a more general setting in 

Theorem 2.6. For any {t,x,p) G [0,r[xM'^x A(/) the value of the game with incomplete information 
V{t,x,p) is given by 

V{t,x,p) = infag(^r(t))/ sup^gg.(t) J(t,a:,p,a,/3) 

(6) 

= sup^gg.(t) infgg(^r(4))7 J{t,x,p,a,l3). 

Remark 2.7. It is well known (e.g. [5] Lemma 3.1) that it suffices for the uninformed player to use 
admissible (non-random) strategies if he plays first. Intuitively since he has no information to hide. 
So we can use in (6) the easier expression 

V{t,x,p) — inf sup J(t,x,p,a, l3). (7) 
ae(^'-(t))^/^ee(t) 

The existence and uniqueness of the value function V : [0, T] x R'^ x A(/) R is first given [5] using 
the concept of dual viscosity solutions to HJI equations. Starting from this a characterization of the 
value function as solution of an obstacle problem is given in [51. 

Theorem 2.8. The function V : [0,r[xM'' x A(/) — > M is the unique viscosity solution to 

minj— + -tr(CTCT*(t, a;)!)^^;) +iJ(t,x,i:':rW,p),Aniin (p, |=0 (8) 

with terminal condition w{T, x,p) — 'Y^^Pigi{x), where for all p G A(/), A G 5^ 

{Az,z) 



Amin(p, -4) 



zerA(_f)(p)\{o} I^P 



and Ti^(^i)(^p-j denotes the tangent cone to A(/) atp, i.e. T/^{^i)(^p) = Ua>o(A(/) — p)/X 
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Remark 2.9. Note that unlike the standard definition of viscosity solutions (see e.g. [8]) the subsolution 
property to (8) is required only on the interior of A(/) while the supersolution property to (8) is 
required on the whole domain A(/) (see [S] and [?])• This is due to the fact that we actually consider 
viscosity solutions with a state constraint, namely p S A(/) C R-^. For a concise investigation of such 
problems we refer to [1]. 

We do not go into detail about the rather technical proof of Theorem 2.7. in [5]. However there is an 
easy intuitive explanation of the convexity constraint, which we give in the following remark. 

Remark 2.10. Let {t,x) £ [0,T] x R'' be fixed. For any po e A(/) let A e (0, 1), pi,p2 e A(/), such 
that Po = (1 - A)pi + Ap2- 

We consider the game in two steps. First the initial distribution for the game with incomplete 
information pi,p2 is picked with probability (1 — A). A. If the outcome is transmitted only to Player 
1, the value of this game is V{t,x, (1 — A)pi + Xp2) = V{t,x,po). 

On the other hand we consider the game in which both players are told the outcome of the pick of 
the initial distribution pi,p2- The expected outcome of this game is (1 — X)V(t, x,pi) + XV(t, x,p2)- 
In the first game the informed player knows more, hence, if we make the rather reasonable assumption 
that the value of information is positive, we have V(t, x,pq) < (1 ^ -^)^(^i x,pi) + XV{t, x,p2)- 

3 Alternative representation of the value function 

3.1 Enlargement of the canonical space 

In the following we establish a representation of the value function by enlarging the canonical Wiener 
space to a space which will carry besides a Brownain motion a new dynamic. We use this additional 
dynamic to model the incorporation of the private information into the game. More precisely we 
model the probability in which scenario the game is played in according to the information of the 
uniformed Player 2. 

To that end let us denote by I'([0, T]; A(/)) the set of cadlag functions from R to A(/), which are 
constant on (— (X),0) and on [T, +oo). We denote by Ps(wp) = LiJp{s) the coordinate mapping on 
2?([0, T]; A(J)) and hy Q ^ {Qs) the filtration generated by s i— p^. Furthermore we recall that 
C([0, r]; R'') denotes the set of continuous functions from R to R'', which are constant on (— oo, 0] and 
on [T, +oo). We denote by Bs{ujb) = ws(s) the coordinate mapping on C([0, T];M.'^) and hy H — {Hs) 
the filtration generated by s ^ B^. We equip the product space 9. ^([O, T]; A(/)) x C([0,r];R'') 
with the filtration F = Q ®T-L. 

For < i < T we denote f^t = {w e X>([i, T]; A(/)) x C([t, T]; R'^)} and Ft,s the cr-algebra generated 
by paths up to time s in fij. Furthermore we define the space 

nt,s^{uj(,v{[t,s]-^{i))xC{[t,s\-X)} 

for < i < s < T. If r T[ and w e f^t then let 

Wl = l[_oo,r[W W2 = l[r,+oo]('^ " '^r-) 

and denote ttw = (a;i,a;2). The map tt : lit — fit^r x fJ^ induces the identification i7( = Vlt^r x 
moreover cj = 7r^^(wi,W2), where the inverse is defined in an evident way. 

For any measure P on SI, we denote by Ep[-] the expectation with respect to P. We equip Vi with a 
certain class of measures. 

Definition 3.1. Given p e A(/), t e [0, T], we denote by 1^(1, p) the set of probability measures P on 
such that, under P 

(i) p is a martingale, such that p^ = p Vs < t, Ps e {e^, i = 1, ...,/} Vs > T P-a.s. and px is 
independent of (i?s)se(-oo.T] j 
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(ii) {Bs)se[o.T] is a Brownian motion, 

(iii) under P the processes Bg and Ps are strongly orthogonal, i.e. (B, p^)^ — for all s e [0,r], 
where p'^ denotes the continuous part of p. 

Comment 3.2. Assumption (ii) is naturally given by the Brownian structure of the game, while (iii) is 
merely imposed for technical reasons. Assumption (i) is motivated as follows. Before the game starts 
the information of the uninformed player is just the initial distribution p. The martingale property, 
implying pt = Eii.[pT|^t], is due to the best guess of the uniformed player about the scenario he is in. 
Finally, at the end of the game the information is revealed hence pt G {e^, i = 1, . . . , /} and since the 
scenario is picked before the game starts the outcome px is independent of the Brownian motion. 



3.2 BSDEs for stochastic differential games with incomplete information 

An alternative representation of the value of the game is given in [7 in a simpler setting by directly 
minimizing the expectation of the Hamiltonian over a similar class of martingale measures P. In our 
case the drift of the diffusion is controlled by the players, hence the Hamiltonian (2) depends on the 
first derivative of the value function and a "direct" representation is not possible. 

Inspired by the ideas of [H] we use the theory of BSDE to solve this problem. To that end we in- 
troduce the following spaces. For any p G A(/), t G [0,r] and fixed P S Vit,p) we denote by C^i^) 
the set of a square integrable J"T-measurable random variables. We define by H'^{F) the space of all 

predictable processes such that OgdEg is a square integrable martingale, i.e. E < oo, 

and I^(P) = {/ OdB : e 'H^(P)}. Furthermore we denote by A^q(P) the space of square integrable 
martingales null at zero. In the following we shall identify any N S Mq{F) with its cadlag modification. 

For all t e [0,r], a; e M'^ we define the process X*'^ by 

X*'^ = X s<t, Xy-' = x + ^(^ K'ldBr s>t. (9) 
Let p€ A{I). We consider for each P e Vit,p) the BSDE 

n*'"'^ = {PT,g{X'^''))+ H{r,X*^\Zl'-^\pr)dr- j\*{r,X',^nzl^-'^dBr -Nt + N,, (IO) 
where N € Mq{P) is strongly orthogonal to I^(P). 



Existence and uniqueness results for the BSDE (10) can be found in more generality in |10| . Our case 
is much simpler, since the driver does not depend on the jump parts. This significantly simplifies the 
proofs which we give for the reader's convenience in the appendix. Note in particular that as in the 
standard case we can establish a comparison principle (Theorem A. 4.), which will be crucial in our 
further calculations. 



Theorem 3.3. Under the assumption (H) the BSDE (10) has a unique solution (F*'^, Z*'^, A^) e 
'^^(P) X -^^(P) X Ml{T) and it holds for any s<T 



In particular it holds 



y:_ 



f H{r, Xl--, Zl-^-^, pr)dr + (pt, <?(X^^)) 

J s 

H{r, A*^^ Zy-^^\ pr)dr + (pr, 5(^t')) 



(11) 



Fix t e [0,T], X e R'^, p £ A{I). Note that aU P e 'P{t,p) are equal on Tt-, i.e. the distribution 
of {Bs, Ps) s e [0,t[ is given by 6{p) ^ P°, where 6{p) is the measure under which p is constant and 
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equal to p and P*^ is a Wiener measure. So we can identify each P G V{t,p) on Ft- with a common 
probabihty measure Q and define 

W{t,x,p) = essi-aiv(z-p(t,p)Yt-''^ Q-a.s. (12) 

The aim of this paper is to show the following alternative representation for the value function. 

Theorem 3.4. For any {t,x,p) e [o,r[x]R''x A(/) the value of the game with incomplete information 
V{t,x,p) can be characterized as 

V{t,x,p) =esamip^'p^t,p)Ytf'^- (13) 

We give the proof in the section 4, where we first show that W(t,x,p) is a deterministic function. 
Then we establish a Dynamic Programming Principle and show that W{t,x,p) is a viscosity solution 
to (8). Since V{t, x,p) is by Theorem 2.8. uniquely defined as the viscosity solution to (8) the equality 
is immediate. Before, let us first investigate under smoothness assumptions a possible behavior of an 
optimal measure and show how the representation is related to the original game. 



3.3 A sufficient condition for optimafity 

Next we give a sufficient condition for a P e V{t,p) to be optimal in (13). We assume V € C^'^'^([i, T) x 
X A(/);M) and set 

n = \^{t,x,p)£[0,T)x«' X ^(I):^ + ]^tT{oa\t,x)DlV)+H{t,x,D,V,p)=()^ 

and 

-H(t,x) = {p e A(/) : (i,2;,p) e -H}. 

In the theory of games with incomplete information the set % is usually called the non-revealing set. 
This is due to the fact that on T-L the value function fullfills the standard HJI equation, hence the 
informed player is not "actively" using his information because the belief of the uniformed player stays 
unchanged. 

Theorem 3.5. Let {t,x,p) e [0,T) x R'' x A(/). We assume V e C^^'^^'^{[t,T) x M'' x A(/);M). Let 
V eV{t,p), such that 

(i) Ps e •H(s,X*^^) Vs e [t,T] f-a.s., 
(a) P-a.s. it holds Vs e [t,T] 

l/(s,x*•^p,) - y(s,x*•^p,_) - (^F(s,x*'^p,_),p, - p,_) = o, 

(Hi) p is under V € V{t,p) a purely discontinuous martingale. 
Then P is optimal for V(t,x,p). 

Remark 3.6. The analysis of the deterministic case in [7] indicates that the conditions (i) and (ii) 
might also be necessary even in the non-smooth case. In fact under certain assumtions the conditions 
(i)-(iii) of Theorem 3.5. can expected to be necessary and sufiicient. (See [7 Example 4.4.) 

Proof: By definition V{T,x,p) — {g{x),p). Since V E C^'^'^ and p is purely discontinuous we have 
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by Ito's formula and the assumptions (i)-(iii) 



+ [ a*ir,X',^-)D,V{r,X'^^-,Pr)dBr 

J S 

^ ~ ''dp' 

V{s,Xl^-,Ps) - f i^(r,X;•^i?,t/(r,X;•^p,),p,)dr+ / a*{r,X*^-)D,V{r,X^:-,Pr)dBr. 

J s J s 



+ J2 Vir,X','^,Pr)^V{r,X*,^-,Pr-)~{-^V{r,X',>^,Pr-),Pr-Pr-) 

s<r<T " 



So by comparison (Theorem A.4.) (y^t.^.P, z*^^'*, iV*'^-^) (y(s, X*-^, p,.), 15^^(5, X*^^, Ps), 0) is the 
unique solution to the BSDE (10). 
We have in particular 

Vit,x,p) = {g{X*^''),pT)- H{s,Xl-'^,Zl^^^^,Ps)ds + l\*{s,Xl^^)Zl^^^^dBs, 
hence the result follows from taking conditional expectation and the representation in Theorem 3.4. □ 

3.4 Optimal information reveal for the informed player 

Our aim is to quantify the amount of information the informed player has to reveal in order to play 
optimally. Note that in the representation we consider as in |14) the original game under a Girsanov 
transformation. Hence an optimal measure in (13) gives an information structure of the game only 
up to a Girsanov transformation, which we have to reverse to get back to our original problem. 

We assume V S C'^^'^^^{[t,T) xW^ x A(J);R). Let P G V{t,p), such that the conditions of Theorem 
3.6. are fulfilled, hence Z*'^-^ = £)^y(s, X*'^, p,). 

Thanks to Isaacs condition, assumption (H) (iv), one can define the function u*{t,x,p,£^) as a Borel 
measurable selection of argmin„g[;{max„gy (5(t, x, m, w), ^) + '^^^^pili{t,x,u,v)}, hence 

/ 

H{t,x,^,p) = m&x{{b{t,x,u*{t,x,p,£,),v),^) + ^pMt,x,u*{t,x,p,^),v)}. (14) 

Z— 1 

We define the process 

Us=u*{s,Xl'-,D,V{s,Xl'-,p,),p,), (15) 

where by definition u is progressively measurable with respect to the filtration {J^t,s)s£[t,T] with values 
in U. In the following we will denote the set of such processes the set of relaxed controls W(t) and the 
set of progressively measurable processes with respect to the filtration {Tt,s)se[t,T] with values in V 
the set of relaxed controls V{t). 

We consider for each relaxed control v e V{t) the (F)BSDE 
Xl-^ = x + a{r,Xy-')dBr 

Y*'-'^'- = (PT, 5(^t")) + ll {{Pr, l{r, Xp-, Ur, Vr)) + {b{r, X^'-, Ur, Vr), D,V{r, Xp-, pr)))dr 

- /J a*(r, Xp^)D,Vir, X^^, p,)dB, - {Nt - N,). 

(16) 

Theorem 3.7. For any v G V{t) we have 
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Proof: Since 

H{r,X*'-,D^V{r,Xl--,Pr),Pr) 

= minueu ma,Xy(,v {{b{r, Xp"^, u, v),D.j;V{r, X*-^, p^)) + {Pr,l{r, Xp"^, u,., u))} 
= maxyev {{bir, Xp"" ,Ur, v) , D^^V{r, Xp"" ,Pr)) + (p^, /(r, X*-^, m^, v))} 

> {b{r,Xl^-,Ur,Vr),D^V{r,X'^^-,Pr)) + {Pr,l{r,X'^--,Ur,Vr)), 

(17) follows from the comparison Theorem A. 4. □ 
As in [Tl] we define now for any v e V(t) the equivalent measure P"'" = (r^'^)P with 

Tf^ ^£ (^J\{r,X'^^\ur,Vr)a*{r,Xl'n~^dBr^ . 

for s > t and F"'" = 1 for s < By Girsanov (see e.g. Theorem III. 3. 24 [13]) we have the following 
Lemma. 

Lemma 3.8. For any p e A(/), t e [0, T], v G V{t), it holds 

(i) AT*'^ is under W^'"" a solution to 

A*'^ = a; + //6(r,A;^^,M^,z;^)dr + //a(r,A;^^)d5^, (18) 

where B is a ¥"'^ -Brownian motion. 

(ii) p is a P"'" martingale, such that Ps = p Vs < t, Ps £ {ei,i = 1, /} Vs > T ¥"■•'" -a. s. and px 
is independent of (-Bs)se(-oo.T] j 

(Hi) under the processes Bg and Ps are strongly orthogonal, i.e. {B,p'^)s — for all s e [0,r], 
where p'^ denotes the continuous part of p. 

For any /3 G B(t), i.e. ^ : [t, T] xCi[t, T];R'^) x L'^{[t, T];U) -^V is nonanticipative with delay, we can 
define the process I3{u)s — I3{s, -jUs). By definition P{u) is a V^-valued process which is progressively 
measurable with repect to the filtration Ft^s hence ji{u) E V{t). So we can define for any f3 € B{t) the 
measure P"'^("). 



To take into account that the informed player knows the scenario, we define now for any scenario 



i G {1, ...,/} and for any /3 S B(t) a probability measure p"'^*-"-* by: for all A G it holds 



A] = P«-'3(")[A|pT = e,] = -F'/^f^^t^n {pT = ej], if > 0, 

Pi 



and Pf'^^"'[A] = P"'''[A]. Note that by Lemma 3.9. (ii) S is a Pf '"-Brownian motion, hence A*'^ is 
under Pf a solution of the SDE (18). 

Theorem 3.9. For any scenario i — 1, . . . , / and any strategy of the uniformed player j3 G B{t) the 
information transmission p"''^'"-' is optimal for the informed player in the sense that for any (3 G B{t) 



i=l 



k{s,Xl'-,u,,l3{u),)ds + g,{X*^'') 



< Vit,x,p). 



(19) 



Proof: By definition we have 



i=l 



I 



,/3(fi) 



/,(s,A*'-,(w)„/3(w),)ds + 5,(A^") 



li{s, Xl''^ ,Us, I3{u)s)ds + gt{X*/-')\pT = ct 



1=1 
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Furthermore 



/3(a) 



li{s, Xl'"" ,Us, I3{u)s)ds + gi{Xj.'')\pT = 



1=1 
/ 



{Pt, 



E, 



where in the last step we used the product rule for the ]P"''^'^"^-niartingale p and the adapted finite 
variation process /(s, X*'^, -Ug, /3(it)s)ds. 
Furthermore we have 



Ep 



'pa,/3(o) 



(p„ lis, Xl'\ Us, ms))ds + (pT, 5(^t")) 



Ep 



since by Girsanov K 



is under P"''^(") given by 



- (pT, )) + /. {Pr, l{r, XI'-, Ur, mr))dr 

- /J a*{r, Xl'-)D,V{r, Xl'\ p,)dB, - {Nt - N^). 
So since by Theorem 3.7. y^*f '"'^(") < V{t,x,p) P-a.s. and P is equivalent to P"'^("), we have 



(20) 



Epa,f)(ii) YI 



<V{t,x,p). 



□ 

Remark 3.10. In the simpler case of the representation (13) allowed to derive an optimal random 
control for the informed player in a direct feedback from. Here however there are significant differences. 
By the Girsanov transformation we have for each f3 G B{t) at each time s G [t, T] an optimal reaction 
Us — u*{s,Xl'-,DxV{s,Xl'-,Ps),Ps) of the informed player. It depends on the state of the system, 
i.e. X*'^ under p"'^'^") and the shifted randomization p under the optimal measure f>"'^^"\ Since 
this shift depends on the strategy /3 of the uniformed player, we do not find a random control but a 
kind of random strategy for the informed player. Note that this "strategy" - none of the less giving 
us a recipe how the informed player can generate the optimal information flow - is in general not 
of the form required in definition 2.4. To get a classical random strategy it would be necessary to 
show a certain structure of the optimal measure P. In a subsequent paper we show how this can be 
established for e-optimal measures leading to e-optimal strategies in the sense of definition 2.4. 



4 Proof of Theorem 3.4. 

4.1 The function W{t,x,p) and e-optimal strategies 



Recall that we defined W{t,x,p) Q-a.s. as essinf] 
^ is called essinfpgp^j pjF/l^'"', if 

(i) C < Ytf'^, Q-a.s., for any P G Vit,p) 



rGV{t,p)Yt 



t,x,¥ 



where by definition a random variable 
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(ii) if there is another random variable rj such that rj < Y^^'^, Q-a.s., for any P e V{t^p), then 
V<L Q-a.s. 

So by its very definition W{t^x,p) is merely a J-t~ measurable random field. However we show that 
it is deterministic and hence a good candidate to represent the deterministic value function V{t^x^p). 
Our proof is mainly based on the methods in [3] . 

Proposition 4.1. For any t G [0,r], xeW^,pe A{I) it holds 

W{t,x,p)^EQ[W{t,x,p)] Q-a.s. (21) 

Hence identifying W{t,x,p) with its deterministic version lKQ[W{t,x,p)] we can consider W : [0,T] x 
K'^ X A(/) — > R as a deterministic function. 

To prove that W{t,x,p) is deterministic it suffices to show that it is independent of the cr-algebra 
a{Bs,s € [0,i]). Since p is on [0,t[ Q-a.s. a constant the desired result follows. 

To show the independence of a{Bs,s G [0,t]) we will use as in [3] a perturbation of C([0,T];R'^) 
with certain elements of the Cameron-Martin space. Let H denote the Cameron-Martin space of 
all absolutely continuous elements h G C([0, T]; R"*), whose Radon-Nikodym derivative h belongs to 
L2([0,r];M''). Denote Ht ^ {h e H : h{-) ^ h{- A t)). For any h e Ht , we define for all (wp,^^) e 
P([0,T]; A(/)) X C([0,r];R'^) the mapping ThiiOp.LUB) := {l^p,lob + h). Then th : 2?([0, T]; A(/)) x 
C{[Q,T];W^) l?([0,r]; A(/)) x C([0, T]; R'') is a J" - J" measurable bijection with [th]^^ = r^h- 

Lemma 4.2. For any h £ Ht 

W{t,x,p)oTh^W{t,x,p). (22) 

Proof: Obviously r^, r^-^ : 2?([0, T]; A(/)) x C([0, T]; R^O ^ ^'([O, T]; A(/)) x C([0, T]; R^O is J"* - J"* 
measurable and [Bg — Bt) o = {Bs — Bt) for all s e [i, T]. 

Step 1: Observe that X*'^ o th = X*'"^ for aU s e [t,T]. Then r*'^'"" ot,j is the solution to the BSDE 
(FM.Po^^)^ ^ (pT,5(^^")>+/Ji^(r,X*^^(^*^^■^or,),,p,)ds 

(23) 

- /J a* (r, Xl'-){Z'---^ o Tn)rdBr - {N o + {N o r^), 

which is the original BSDE (10) however under the different P o [r^]^^ dynamics for p. 
Furthermore X^^'^^^ under P and under Po [r^]^"'^ are by Girsanov P-a.s. equal. So under Po [r/i]^"'^ the 

process by Gh sanov solves (23). Since the solution of (23) is unique we have in particular 

Ylf^^oTu = Yif''°^^'^^~\ (24) 

Step 2: We claim that 

(^essinfpgp(t^p)yt*:^''^^ oTh = essinfpgp(t_p) {v^f-^ o T,}j Q-a.s. (25) 
Observe that the law of th is given by 

Po [rj-i = exp (^j^ hsdBs - \k\^ds^ P (26) 

for all measures P on il. Define I{t,x,p) = ess'mip ^-p p-^Y^^'^ . Then I{t,x,p) < y^^'^ . Since 
Q o [t/i]^-'- is equivalent to Q on J^t-, we have /(t, x,p) o t/i < Y^!!^'^ o Q-a.s. 

Furthermore let f be a J"t_-measurable random variable, such that ^ < Y^^'^ o Th Q-a.s. Then 
f ° ['''h]~^ < y^M.P Q_a.s.. hence it holds S_ o [tu]^^ < I{t, x,p), so £, < I{t, x,p) o Th- 
Consequently we have 

I{t, x,p) oTh= esfi\alp^-p(t,p){Yt-'^ o Th). 
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Step 3: Using (24) and (25) we have Q-a.s. 

W{t, X, p) o Th = (essinfpgp(f y/l^'''') o th 
= essinfpgp(t^p) {Y^f-^ o th) 
— essintpgp(f p)rj_ 

Note that in general Po [r/i]^^ ^ 'P{t,p), since under Po [r/i]^^ the process B is no longer a Brownian 
motion on [0,t].We define P'* on = fio,* x fit, such that 

P'^-(%)®P°)®(Po[tJ-1|j,J, 

where S(j)) is the measure under which p is constant and equal to p and P*' is a Wiener measure on 
flo^t- So by definition (Bs)sG[t,T] is a Brownian motion under P'*. Also (Ps)se[t,T] is still a martingale 
under P''. We can see this immediately, since for all i < s < r < T by (26) 

Eph[p.r|J"s] = Epo[^,J-l[Pr|-Fs] = Ep[Pr|-7^s]- 

Furthermore the remaining conditions of Definition 3.1. are obviously met. Hence P'' € V{t,p) and, 
since y*'^''°['^'>l ^ is a solution of a BSDE, we have 

^t- — 

On the other hand by considering P o r/j one can associate to any P e V{t,p) a P^'' e 'P{t,p), such 
that 

T.t.X.P-'^olTh]-^ _ T^t,X,F 

Hence ; p g V{t,p)} = {f/i"'^ : P e 7'(<,p)} and 

essinfpgp(t^p)y/_l^^"'°'^"l = essinfpgp(t^p)y/i^'' = W{t, x,p). 

□ 

Proposition 3.6. follows then by Lemma 4.1. in 

In the following section we establish some regularity results and a dynamic programming principle. 
To this end we work with e-optimal measures. Note that since we are taking the essential infimuni 
over a family of random variables, existence of an e-optimal G P{t,p) is not standard. Therefore 
we provide a technical lemma, the proof of which is also strongly inspired by [3] . 

Lemma 4.3. For any {t,x,p) e [CTixM'^x A(/) there is an e-optimal P*" G V{t,p) in the sense that 

ytf'P' < w{t, x,p)+e Q-a.s. 

Proof: Note that there exists a sequence (P")„gN, G ^(^,p), such that 

W{t,x,p) = essMp^-p(^t,p)Yt-'^ = mfY^f'^ . 

For an e > set r„ := {W{t,x,p) + e > Ytf'"^"} G J"t_ for any n € N. Then fi := Pi, f„ := 
Tn \ {'^m=i,...,n-i^m) toT n > 2 form a measurable partition of D,. 
We define P*^, such that on 17 = fig t x fit 



= {5{P) ® P") «) ( X! li 

VnGN 



where S{p) denotes the measure under which p is constant and equal to p and P*^ is a Wiener measure 
on rio.t. 
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So by definition (Bg)^^^^^^-^ is a Brownian motion under P*^ and {Ps)selt,T] is still a martingale under 
P^ since for alH < s < r < T 

Epe[pr|j;] = ^Epn[lp^ Prix's] = ^ lf^Epn[pr|J"s] = ^ lf„Ps = Ps 

nGN riGN riGN 

Again the remaining conditions of Definition 3.1. are obviously met. Thus P"^ G V{t,p) and it holds 

neN 

□ 



4.2 Some regularity results 



For technical reasons we will consider the BSDE (10) with a slightly different notation. For any 

t € [0,T], x€R'^,¥€ V{t,p) let 

y;.-.r = (py, g{x'^-)) + r H{r, Xl'\ z^'^'^, p.)rfr - f zl'^'^dB^ -Nt + N,, (27) 

J S J S 

where H(t,x,p,S,) = H{t,x,p,{(j*{t,x))-^C). Setting Z'-^-if = (cr* (s, X*'^))-!^*'^''^ then gives the 
solution to (10). 

In the following we will use the notation Y^'^'^ = Fj'^, z*''^'^ = 2:*'^, whenever we work under a fixed 
¥GVit,p). 

Remark AA. Observe that by (H) we have that H is uniformly Lipschitz continuous in {^,p) uniformly 
in (t,x) and Lipschitz continuous in (t,x) with Lipschitz constant c(l + |^|), i.e. it holds for all 

t, t' G [0, T], X, x' e W^, ^, ^' e W^, p,p' e A(/) 

\H{t,x,^,p)\<cil + \^\) (28) 

and 

\H{t, X, ^,p) - H{t\x\ £,\p')\ < c(l + leDdx -x'\ + \t- t'\) +c\i-e\ + c\p ~p'\. (29) 

Proposition 4.5. W{t, x,p) is uniformly Lipschitz continuous in x and uniformly Holder continuous 
in t. 

Proof: For the Lipschitz continuity in x, assume W{t,x',p) — W{t,x,p) > and let P*^ € ^{t^p) be 
e-optimal for W^(t,a:,p) for a sufficiently small e. Then, since W{t,x' ,p),W{t,x,p) are deterministic, 
we have by Holder inequality and Proposition A. 3. 

< W{t,x',p)-W{t,x,p)-e 



essinfp£p(t_p)Ep 



H{s, X*>^ zl'\ p,)ds + {pT,g{X'^n) 



< El 



pe 



His, Xy,zy,p,) - H{s, p,)ds + (pT, ff(X^" ) - g{X'^^)) 



< cEp. 



£ ((1 + \zr\)\Xt'^ - Xy\ + \zl'^ - zl'^'i) ds + - X'/\ 



< C Epe 



zi'^l^ds 



Ep 



+cEp, 



< C Epe 



^ - + 1^*'^ - z^l^ ds + - X'/\ 

J^' - Xy^ds + \X'rf - X'/f 



< c\x — x'\ 
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< c\x — X' 



.'|2 



since for any s S \t,T\ one has by Gronwall E 

For the Holder continuity in time, let t, t' € [0, T] such that t' < t and assume W{t', x,p) > W{t, x,p). 
Let e V{t,p) be e-optimal for W{t,x,p) for a sufficiently small e. Note that since t' < t it holds 
e V{t',p). Then, since W{t' ,x,p),W{t,x,p) are deterministic, we have by Holder inequality and 
Proposition A. 3. 



< W{t',x,p)-W{t,x,p) 



essinfpg-p(t/_p)Ep 



r H{s, p,)ds + (PT, g{x'^'n) 
Jt' 

H{s, zl'\ p,)ds + (pT, 



< Ef 



+Ep. 



His, p,) - H{s, p«)ds + (pt, ^(^t'") - 



< cEp 



((1 + \zi'^\)\xi>- - xr\ + \zi^^ - zr\) ds + ^ - 



+c El 

< c|t'-t|^ +c f Ep. 
+cEp. 



Epe 



< c|i' +c I^Epe 

< c|i'-t|5, 
because for any s e [t, T] it holds Ep. 



rt,Xl2 



t,a;|2 



<c\t' -t\. 



For the case t' < t, W(t',x,p) < W{t,x,p) choose a P*^ € V{t\p), which is e-optimal for W{t',x,p) 
for a sufficiently small e. We define then the probability measure P', such that on = f^o^f x fi* 

r = ((5(p)®P°)®P^|n,, 

where 5{p) denotes the measure under which p is constant and equal to p and P° is a Wiener measure 
on flo,t- So by definition {Bs)s£[t,T] is a Brownian motion under P*. Furthermore the remaining 
conditions of Definition 3.1. are met, hence P* G 'P{t,p) and the same argument as above applies in 
that case. □ 



Proposition 4.6. W{t,x,p) is convex and uniformly Lipschitz continuous with respect to p. 

Proof: To show the convexity in p let pi,p2 G A(/) and let P^ e P{t,pi), P^ € V{t,p2) be e-optimal 
for W{t,x,p{), W{t,x,p2) respectively. For A G [0, 1] define a martingale measure P'^ e V{t,p\), such 
that for ah measurable (/) : X>([0, T]; A(/)) x C([0, T]; R^) M.+ 

Ep. [<^(p, B)] = AEpi [(f>{Tp, B)] + (1 - A)Ep2 [<^(p, B)]. 

Observe that wc just take two copies f^i, VI2 of the same space with weights A, (1 — A). So for the 
respective solutions of the BSDE (27) it holds 

y ' ' = l{ni}y + l{n2}^ 
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Hence 

and the convexity follows by taking expectation, since e can be chosen arbitrarily small. 
Next we prove the uniform Lipschitz continuity in p. Since we have convexity in p, it suffices to show 
the Lipschitz continuity with respect to p on the extreme points e^. Observe that e^) consists in 
the single probability measure S{ei) (8) P°, where S{ei) is the measure under which p is constant and 
equal to Ci and P° is a Wiener measure. 

Assume W{t,x,p) — W{t,x,ei) > and let e V{t,p) be e-optimal for W{t,x,p) for a sufficiently 
small e. Then 

0<W{t, X, p) - W{t, X, Ci) - e 



H{s, p«) - H{s, Xf\ zl'-'<^\ei)ds + (pr - e^, g{X^^%Tt. 



By the uniform Lipschitz continuity of in ^ and p it holds 



ds 



- j\z'f - zl'''''')dB, -{N- N'^)t + (iV - iV^Ot 



< c\ j\l-ip.).)ds + l-ipT)^+c Iz^-z^'^'lds 
- {zY - zl''''^')dBs - (iV - N^')t + {N- N^' 



where we used the estimate 



\Ps - ei\ds + \pt - ei\ < c (1 - (Ps)i)ds + 1 - (pT)i^ . 
We define Y as the unique solution to the BSDE 

Y^ = c(^J^ {1 - {Pr)i)dr + 1 - {pT)}j + c \zr\dr- ZrdBr - {Nt - N^). 
Then by comparison (Theorem A. 4.) we have 

We claim that Y^ = {I — (Ps)i) Yg, where 1^ is on s e \t, T] the solution to 

Ys = c + c{T-s)+ f \2r\dr- f ZrdB^. (30) 

J s J s 

This follows directly by applying the Ito folmula 

(1 - (Ps)i) n = C (1 - (pT)i) + C [ (1 - {Pr)i) dr+ [ 1(1- {Pr)i) Zr\ ds 

J s J s 

- (1 - (Pr)i) ZrdBr + / Yrd{pr)i 
J s J s 

and identiiying Zg = {1 — {Ps)i) Zs and Ns = Jq Yrd{pr)i which is by the definition of V{t,p) strongly 
orthogonal to I^(P'^). Furthermore 

1 - (Pt-)i = 1 - Pi < c^|(p)j - Sij\ < cy/l\p-ei\, 
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hence 



It is well known (see e.g. 0) that, the solution Y to (30) is continuous, bounded in and Yj is 
deterministic. So Yt- = Yj < c and we have 



t,X -trt.X.Ci ^ /T| 



P - Ci 



□ 



4.3 Dynamic Programming Principle 

Next we show that a dynamic programming principle holds. To that end we introduce the set V-^ {t,p) 
as the set of all measures P S 'P{t,p), such that there exists a finite set S C A(/) with Ps G 5 P-a.s. 
for all s G [t,T]. It is well known (see e.g. [18] Theorem II. 4. 10) that 'P-^{t,p) is dense in 'P{t,p) with 
respect to the weak* topology. 



Theorem 4.7. For all {t,x,p) G [0,r] x R'^ x A(/), t' G [t,T] 

ft' 



W{t,x,p) = essinfpgp(t^p)Ep 



(31) 



Since V-^{t,p) is a dense subset oiV{t,p) with respect to the weak* topology, it suffices to show 



W(t,x,p) = essinfpgp/(t p)Eip 
for all it,x,p) G [0,T] x K'' x A(/). 



His, Xl-\ p,)ds + W{i^X/. ^v-Wt 



(32) 



For the proof of Theorem 4.7. we first show two Lemmas. 
Lemma 4.8. Under any F E V-^ (t,p) 

r//^''>iy(t',X*;^pt,_). 



(33) 



Proof: Fix P e {t,p) and t' G [t,T]. Let (A;);gN be a partition of in Borel sets, such that 
diam(v4;) < e and choose for any I G N some E Ai. Let z* denote the z term of the solution of 
BSDE (27) with forward dynamics X* instead oi X*'^. First observe that 



Y 



> 



oc 

^E, 

oo 

^E, 



H(s,Xr,^r,Pa)ds+(pT,ff(Xr)>|-^t' 



/=1 



H{s, Xl''\ zY. Vs)ds + (pT, 5(^T )> j l-^t'- 
i/(s,xf'^',zf'^',p,)ds+ (pT,5(X^''^'))|.Ft._ 
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where by Holder inequality, Proposition A. 3. and Gronwall inequality 

i-T 



1=1 

oo 

< c^Ep 

1=1 

oo 

< c^Ep 



/J 

1 



1 



Hence 



(34) 



;=i 



where the upper bound is given by similar argumentation. Furthermore by assumption there exist 
S = {p^, • • • iV^^i such that P[pf'- S 5*] = 1. We define for m = 1, . . . , fc the probablility measures 
P™, such that on O = f2o,t x Ot 



whore denotes the measure under which p is constant and equal to and P'' is a Wiener 

measure on rio,t- So by definition [Bs)s^[t,T\ is a Brownian motion under P™ and (Ps)se[t,T] is a 
martingale. We see this, since for < s < T 

Ep™[ps|J"t'_] = Ep[l{p^,_^p^}Ps|J'f._] = l{p^,_=p".}Pt'- =V^- 

Furthermore the remaining conditions of Definition 3.1. are met, hence P™ G 'P-^{t,p) for m = 1, . . . , fc 
and 



So it holds 



m=l m=l 

Since is uniformly Lipschitz continuous in we have with (34) 



Y,';^^^>W{t',X^r\pt'-)-ce. 



for an arbitrarily small e > 0. 



□ 



Lemma 4.9. For any e> 0, t' G [t,T] and P e V^{t,p) one can choose aW & V^{t,p), such that 

(i) P^ = P on Ff- 

(ii) and it holds 

Y^;-'^' <W{t',Xlf,pt._) + e. (35) 
Remark 4.10. Observe that by (i) it holds 

^* H(s,X*'^^*'-'^p,)ds|J•t_ = Ep. ^* H{s,Xl^-,z'f^^,Ps)ds\Ft 
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while by (ii) and Lemma 4.8. 



Y^,'_' < W{t , Aj,' , pt/_) + e < Y^;_' + €, 



hence by comparison (Theorem A. 4.) 



Epe 



J^' H{s, zl'^'^' , p,) - H{s, zl'-'^, ps)ds\j^t. 



< e. 



(36) 



Proof: (Lemma 4.9.) Fix a P € {t,p). Let t' € [t,T]. By assumption there exist S = . . . ,p''}, 
such that P[pt'- e 5] = 1. Furthermore let (Ai);gN be a partition of by Borel sets, such that 

diam(A;) < e and choose for any I G N some E Ai. 
Define for any l,m measures P''™ S P^{t',p"^), such that 



Jt' 



Ps)ds+ {pT,9ix!^-y ))|j"i 



< inf Ep 

PGPJ'(t',p™) 



£ H{s, XI' , p,)ds + (PT, gixpy' )) I 



+ e 



= Wit',y\p^)+e. 
We define the probablility measures P^, such that on f2 = Oo,t' x ^t' 

/ k oc 



jl.m I 



\m=l 1=1 



So by definition {Bs)se[t,T] is a Brownian motion under P^. Also {Ps)se[t,T] is a martingale, since for 
t' <r<s<T 

k OO k OO 



m=l 1=1 



m=l 1=1 



Furthermore the remaining conditions of Definition 3.1. are obviously met, hence P'^ € (t,p). 
Note that by the uniform Lipschitz continuity of H and Proposition A. 3. we have as in (34) 



■t,x,] 



m=l 1=1 

k oc 



k oc 



< 



k OO 



- E E^{^:;"eA',p,,_=p^}^t'-^ + 



m=l 1 = 1 



ce. 



m=l 1=1 

So it holds by the definition of 1 



Yt,x,v ^ E E^{^;;"e^',Pt'-=Pr.}^t 



k OO 



m=l 1=1 

< W{t',Xlf,pt,_) + e + ce 

and the result follows, since e can be chosen arbitrarily small. 
We are now ready to prove Theorem 4.7. 



□ 
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Proof: (Theorem 4.7.) Let P'' e V^{t,p) be e-optimal for W{t,x,p). Then by Lemma 4.8. 



W{t,x,p) + e > Er 



= Ev 



= Ev 



> Ev 



H{s, p,)ds + (PT, g{x'^n) l-^t- 

/* H{s,Xl'-,zl'-,Ps)ds+ r H{s,Xl'-,zl'-,Ps)ds + {pT,g{X'^n)\J't- 
Jt Jf 

^* H{s,Xl'^,zl'=^,p,)ds + Y*'^\j^t. 
/■*' 

J H{s, Xl'\ zY, Vs)ds + W{t', Xlf, pt'-)\Tt. 



To prove the reverse inequahty choose P'^^ e 'P^itjp) to be ei optimal for the RHS of (32), i.e. 



essinfpep/(t,p)Ep // H{s,Xl'-,zl'-'^,p,)ds + W^(t',X*;^Pt'-)|J^t 



(37) 



Furthermore choose as in Lemma 4.9. for P^i a P^^-^ e {t,p) to be €2 optimal Then by (35), (36) 



/; H{s, XI--, zl'-'^ ' , p,)ds + W{t', Xl;^, p(,_) I 



262 



> Epei,2 

Finally combining (37), (38) we have 



H{s, Xr, , p,)ds + Yp^'-^ I = y,*!^-'"'^ 



(38) 



essinfpg-p/(t_p)Ep 



H{s, zl'^'\ ps)ds + W^(i', Xlf, ptO I J^t- 



+ ei + 2e2 



□ 



4.4 Viscosity solution property 

To proof that 14^ is a viscosity solution to (8) wc first show the subsolution property which is an easy 
consequence of the Dynamic Programming Theorem 4.7. 

Proposition 4.11. W is a viscosity subsolution to (8) on [0,T] x M'' x Int(A(J)). 

Proof: Let : [0, T] x R'' x A(J) ^ R be a test function such that W — cf) has a strict global maximum 
at {t,x,p) with W{t,x,p) — (j){t,x,p) = and p e Int(A(/)). We have to show, that 



mm<; — + -tx{a(j*{t,x)Dl4>) + H{t,x,D^(j),p),K 



dp^ 



> 



holds at (t, x,p). 

By Proposition 4.6. W is convex in p. So since p S Int(A(/)), it holds Amin (§^(f)2^,p)^ 
Furthermore 



(39) 



> 0. 



(p{t,x,p) = W(t,x,p) = essinfpgpr(t_p)E 



j^His, 



Xl'\ zY, Vs)d8 + W{t, XY\ Pt-)\^i 



< E 



H{s,xY\zYms + w{tXt\v)\:F-,. 
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Since by standard Markov arguments E H{s, X^'^ , zl''^ ,p)ds + W{t, X^'^ ,p)\j^t_ 
and W < (j)hy construction, this yields 



is deterministic 



i^(s,x*'^z*'^p)ds + 0(^,x^^p) 



which imphes (39) as i 1 1 by standard results (see e.g. [3]). □ 
Proposition 4.12. W is a viscosity supersolution to (8) on [0,r] x M'' x A(/). 

Proof: Let : [0,r] x R'^ x A(/) — ^ R be a smooth test function, such that W — (f) has a strict 
global minimum at {i,x,p) with W{i,x,p) — (j){t,x,p) = and such that its derivatives are uniformly 
Lipschitz in p. 
We have to show, that 

^ + U^{aa*{t,x)Dl^) + H{t,x,D4>,p),K,,,, (^0^ | < (40) 

holds at (t,x,p). Observe that, if Amin (f^) < at (t,x,p), then (40) follows immediately. 

We assume in the subsequent steps strict convexity of (f> in p at (t, x,p), i.e. there exist S,r] > such 

that for all z G rA(7)(p) 

{^{t,x,p)z,z)>4S\z\'' y{t,x,p) e B^{t,x,p). (41) 

Since is a test function for a purely local viscosity notion, one can modify it outside a neighborhood 
of {t,x,p) such that for all (s,x) e [t,T] x M'' the function (j){s,x, ■) is convex on the whole convex 
domain A(/). Thus for any p e A(/) it holds 

Wit,x,p) > <j)it,x,p) > 4>{t,x,p) + {^(t,x,p),p-p). (42) 

We divide the proof in several steps. First we show an estimate which is stronger than (42) basing 
on the strict convexity assumption (41). In the second step we use the dynamic programming to 
establish estimates for p. The subsequent steps are rather close to the standard case. We reduce 
the problem by considering a BSDE on a smaller time interval. Then we establish estimates for the 
auxiliary BSDE, which we use in the last step to show the viscosity supersolution property. 

Step 1: We claim that there exist 77, 5 > 0, such that for all (t, x) € B^iit, x) , p G A{I) 

W{t,x,p)>(b{t,x,p) + {^it,x,p),p-p)+26\p-p\''. (43) 

By Taylor expansion in p we have for all (i, x,p) £ B^ii, x,p) 

Wit, x,p) > 4>{t, x,p) > 4>{t, x,p) + {^{t, x,p),p -p)+ 2S\p - (44) 

To estabUsh (44) for aU p £ A(/) we set for p £ A{I) \ liit{B^{p)) 

~ - , P-P 
\P-P\ 

By the convexity of in p and (44) we have for any p G dW~{t, x,p) 
W{i, X, p) > Wit, X, p) + {p,p- p) 

> (t){t,x,p) + { — {t,x,p),p-p) + 257^ + {p,p-p) 

> (j){i,x,p) + {-^{t,x,p),p- p) + 25rf + {p- —{t,x,p),p-p). 
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Since ^ (t, x, p) G dW {t, x, p) and p — p = c{p — p) (c > 0) and W is convex in p, it holds 



dd) ,- _ 
{P- -g^{t,x,p),p-p) > 0. 



So we have for all p€ A{I)\ Int(B,,(p)) 



5, p) > ct>{i, x,p) + {^{i,x,p),p-p)+ 25rf . 



(45) 



Assume now that (43) does not hold for a p S A(/). Then there exists a sequence {tk,Xk,Pk) {t, x,p) 
with pk e A(7) \ Bn{p), such that 

W{tk,Xk,Pk) < (t>{tk,Xk,Pk) + {^{tk,Xk,Pk),Pk-p) +S\pk-p\'^- 



Thus for A; DO, p e A(7) \ Int(B^(p)) and 



W(f,a;,p) < (/>(t, a;,p) + (^(t, a;,p),p - p) + V 
which contradicts (45). 

Note that by (43) we have for any t > t such that {t — t) is sufficiently small and &n t]' < r] 



> 1 



{|xp-2|<r,'} ^t'^^'P) + (■T^(^>^t'''>P)>Pt- -P)+S\pt- -p\' 
+1, 



{i^r"-si>v} 



,,(/)(t,X*'^,Pt_) 



> <f>{t,Xl'^p) + {-^{t,Xl'^p),p,_ -p) + l^|^p_^|^^,j^|p,_ -pf 

+ l{|jcp_s|>,,'} (^<^(^' ^t'''' Pt-) - ^(^' '"".p) - (^(*, Xl'^'.p), pt_ - p) 



Recalling that is convex with respect to p, we get 



W(t,Xp,pt_) > (t>{t,xl'^p) + (t,Xp,p),p*_ -p) +51^l^p_.|^^,j|p*_ (46) 

Step 2: Next we establish with the help of (46) an estimate for p. By Theorem 4.7. we can choose 
for any e > 0, t > f a e ■P-^(f,p) such that we have 



e{t-t)> Ep. 



j'_ H{s, Xp, p,)ds + W{t, Xp, Pt-) - W{i, x,p)\j^i. 



(47) 



Hence by (46) it holds for all t > t, such that {t — i) is sufficiently small, 



e{t-t) > Ep 



H{s, XI'-, zl'^p,)ds + ct>{t, Xl'\p) - cf>{i, x,p) 

+(f (i,xp,p-),p,_-p-)+5i^,^,._^i<^,jip,_-p-nj-,_ 



(48) 



With the estimate (28) we have for a generic constant c 



Ep 



H{s,X'f,z'f,p,)ds\j^i_ 



since by Proposition A. 3. 



Epe 



\zr\'ds\Tt_ 



< cEw 



< cEw 



{l + \zr\)ds\j^,_ 



(49) 



\xin'ds\:Ft. 



< c. 
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Furthermore by Ito's formula it holds 



E, 



cl>{t, Xp,p) - (j,{t, x,p) < c{t - t). 



(50) 



Next, let / : [f, t] x R" ^ M" be a smooth bounded function, with bounded derivatives. Recall that 
by assumption {B,p'^) = under any P G Vii.p). So since under the process p is a martingale 
with Epe [pt_|J^j_] = p, it holds by Ito's formula 



h{t,xl'^){pt_-p)AT-t. 



= Epe 

Hence by (H) 



Ms,xl'^)d{p.s)^+ I (p 
dt 



If. 



+ ^tr{aa*{s,Xl^^)DlMs,Xln)]{Ps-p)M^i- 



Ep 



{^{t,xt'^p),p,_-p)\Fi_ 



< cEpe 



j_ \ps-p\ds\ 



<c{t~i). (51) 



Furthermore observe that, since |pt_ — p\ < 1, it holds for e' > by Young and Holder inequality 



Ep. 



l{|Xp-x|<r,'}|P*- -P\''\J'i- 



Epe 



(1-1 



{i^r-si>>?'} 



.,,)\Pt--pm. 



1 



hence 



Ep 



{\Xl---x\<r,'} 



> Ep. [\pt_ -pflJ'i-] - :^^r^ [\Xt'^ - x\\pt- -Pl'l^t- 

> Epe [\pt- - p\^\Fi-] - ^Ep. \\Xl'^ - x\\pt- - p\\Ft- 

> (1 - ^)Epe [|p,_ -P\'\j^i.] - ^Epe [|XP - X\^\TI 



,^\pt--p\'\Ti.\ > {l-y)Er.[\pt--p\'\j^i.]-^{t-t). (52) 



Choosing < e' < r]' and combining (48) with the estimates (49)-(52) there exists a constant c, such 
that 



Ep. [|pt_-p|2|jr^_] <c{t-t)i. 
Since p is a martingale, it holds for all s G [t,t[ 

Epe [\ps - p\^\Fi-] <c{t-t)i, 

hence 



(53) 



Epe 



IPs -p\ds\Fi. 



j: 



IPs -p|^ds|j"t_ 



(54) 



Step 3: Note that under P^ e 'P^{t,p) the triplet (l^J'^, z^'^, Ns)s&[t,T] is given by the unique solution 
to the BSDE 

r/>^ = (pT, 5(Xp)) + r H{r, Xp, zp, p.)dr - C zl^dB^ - Nt + N,. 
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To consider an auxiliary BSDE with terminal time t we define as in the standard case (see e.g. [9]) 
G{s,x,p) = —{s,x,p) + -tr {aa*{s,x)D^(j>{s,x,p)) + H{t,x,(T*{s,x)D(j){s,x,p),p) 
= "^(^'^'^') + 2^^i'^'^*is, x)D^(j>{s,x,p)) + H{t,x,D(j){s,x,p),p) 



and set 

y!'^ = n*'" - <t>is, Xp, p,) - /* G(r, x,p)dr 



+ J2 ('^(^,^P,P.)-'^(^,^P,P.-)-(^0(r,Xp,p,_),p,-p,_; 



t<r<s 

Then by Ito's formula the triplet (F*'^, 5*^*, A^) fulfills 



y!'' = r/l" + ^* (^#(r, z*> + a* [r, xl^^)D^^{r, p.), p.)) dr 



t 

sl'^dBr - Nt- + Ns 

rt 



(bit, Xp, P*-) + I (^(^, ^P, Pr) + itr(aa*(r, Xp)i?2^(r, Xp, p,)) j dr 
^ (^0(r, Xp, p.) - 0(r, Xp, p,_) - (^0(r, Xp, p,_), p, - p,_)^ 



s<r<t 
t 

G{r, x,p)dr 



J2 ( Hr,Xl^\pr) - (/.(r,Xp,p,_) - (^</)(r,Xp,p,_),p,, - p.. 



t<r<s 

hence is on [t,t[ the solution to the BSDE 



y!'' = i + l (^77(r,Xp,5p + a*(r,Xp)i?.0(r,Xp,p,,),P.) 

+ ^(r, Xp, p.) + itr(aa*(r, Xp)i^2^(r, Xp, p,)) - G(r, dr 

- / zl'^dBr ~ Nt- + Ns 

J S 



with the terminal value 

e = Ylf - Xp, Pt-) + E ('^(^' P'-) - '^(^' P'-) - (|-'^(^' ^P' P-)' Pr - Pr- 

t<r<t ^ 

Note that by the strict convexity assumption on <j> it holds P'^-a.s. 

J2 Xp,p,)-0(r,Xp,p,_)-(|-0(r,Xp,p,_),p,-p,_)') >0. (55) 

t<r<t ^ P / 

Furthermore by Lemma 4.8. and the choice of (j) we have F^P > W{t, Xj'^ ,pt-) > 0(i,Xp,pt_), 
hence ^ > 0. 

Consider now the solution to the BSDE with the same driver but target 0, i.e. 
y/'^ = /; {H{r, Xp, zp + a*(r, Xp)D,0(r, Xp, p.), p,) 

+ |f (r,Xp,p,) + itr(aa*(r,Xp)i^2^(r,Xp,p,)) - G(r,x,p))dr (56) 

-j'zl''=dBr-Nt-+Ns. 
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Note that by Theorem A. 4. we have 



while by Proposition A. 3. it holds 
with 



< cKw 



\fs\^ds\Ti. 



(57) 



(58) 



+ ^{.s,Xl'-^p,) + itr(aa*(s,X*>)i^2^(s,X*>,p,)) - G(s,S,p). 

Because H is uniformly Lipschitz continuous in p and the derivatives of (j) with respect to p are 
uniformly bounded, we have 



\fs\ < 



H{s, XY\a*{s, Xl'^)D,<Pis, X'f,p),p) 



-^{s,Xl-^,p) + -tT{acT*is,Xl-^)D'ct>{s,Xl-^p)) - G{s,x,p) 



and it holds as in [9] by the estimate (54) for all e' > 



\fs?ds\Fi_ 



- ^,{t~t)0{t-t) + e'c{t-t)i, 
where 0{t — — as i — >■ t . Hence it holds by (58) and Cauchy inequality 



Ps ~p\ ds\Ft- 



\^f\ds\Tt- 



<c[{t- i)0{t-t) + {t-t)i 



and 



\fs\ds\Fi_ 



So by the (57) we have 



\fs\ds\:Ft_ 



cKw 



\-zr\ds\Ti^ 



\-zr\ds\Ti_ 



> 



> 



(59) 



-c ({t ~ t)0{t - t) + {t ~ t)i'^ 



-c({t~t)0{t -F) + (t~t)iy (60) 



Step 4: The theorem is proved, if we show G{t, x,p) < 0. Note that by definition of F* 



Y^f - (j){t, x,p) - G{r, x,p)dr. 



(61) 



Since (j)(t,x,p) = W{t,x,p), we have by the choice of and the Dynamic Programming (Theorem 
4.7.) 



Yt^-^(t,x,p) = Y.'f -W{t,x,p) 



< Y^^f - Ep 



H{s,Xr,zl-\ps)ds + W{t,Xl^,Vt^)\Ti^ 



Ep 



r/i^ - VF(^,x*'^pt_)| + e{t - 1). 
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Recall that by the choice of P*^ according to Lemma 4.9. it holds 

Ylf -W{t,xl^ ,^t~) < ce{t -t). 

Hence 

Y^:^ - (l){t, X, p) < ce{t - t). (62) 

Thus from (61) with (62) we have 

yt^ + ^ G(r, x,p)dr < ce{t - t) 

and finally by the estimate (60) 

-c (^{t - t)0{t -t) + {t~ t)^^ + I G{r,x,p)dr < ce{t - t), 



hence 



1 C* 

— ^ G{s,x,p)ds < c (0{t - t) + {t - Fji^j +, 



it- 

which implies (40) as t \.t since e > can be chosen arbitrary small. □ 
Thus by Proposition 4.11., 4.12. and comparison for (8) (see [7], [5]) we now have the following result. 

Theorem 4.13. W is the unique viscosity solution to (8). 

Theorem 3.4. follows directly from Theorem 4.13. and the characterization of the value function in 
Theorem 2.7. 

5 Concluding remarks 

In this paper we have shown an alternative representation of the value function in terms of a minimiza- 
tion of solutions of certain BSDEs over some specific martingale measures. These BSDEs correspond 
to the dynamics of a stochastic differential game with the beliefs of the uninformed player (modulo a 
Girsanov transformation) as an additional forward dynamic. We used this to show how to explicitly 
determine the optimal reaction of the informed player under some rather restrictive assumptions. For 
a generalization a careful analysis of the optimal measure in the representation of Threorem 3.4. is 
necessary. In the simpler framework of [7] the existence of a weak limit P* for a minimizing sequence 
is straightforward using [16]. In our case any limiting procedure needs to take into account the BSDE 
structure. The question of existence of an optimal measure under which there is a representation 
by a soltution to a BSDE poses therefore a rather delicate problem, which shall be addressed in a 
subsequent work. 

A Results for BSDE on i:>([0, T]; A(/)) x C([0,r];M'^) 

Here we give proofs for versions of standard BSDE results adapted to our setting. Let := I?([0, T]; A(/))x 
C([0,T];M'^) and (fJ, J", (J"s)se[f t]) be defined as in section 3.1. We fix a P € 'P{t,p) and denote 
Ep[-]=E[-]. 

Let ^ S (P) , i.e. ^ is a square integrable J^T-measurable random variable. Let / : x [0, T] x M"^ — > M 
he V ® B{W^) measurable, such that /(^O) e 'H^(P) and such that, there exists a constant c, such 
that f®dt a.s. 

\f{uj,s,z^)- }{uj,s,z^)\<c\z^ - z^\ Vz\z2eK''. (63) 
We consider on 2?([0, T]; A(/)) x C([0,T];M'') the BSDE 

Ys = e + / f{r. zr)ds + I ZrdBr - [Nt - N,). (64) 
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Theorem A.l. For any fixed P e r{t, x) there exists a solution {Y, z, N) G -^^(P) x -^^(P) x Ml{F) 
to (A. 2), such that N is strongly orthogonal to I^(P). Furthermore {Y, z) are unique in 'H^(P) x 'H^(P) 
and N G A^q(P) is unique up to indistinguability. 

Remark A. 2. The proof we give is a combination of the proof for the solvabihty of BSDE given in [S] 
and the Gahchouk-Kunita-Watanabe decomposition (see e.g. [T]). For the reader's convenience we 
recah: 

By the Gahchouk-Kunita-Watanabe Theorem I^(P) is a stable subspace of AiQ{P) and we have for 
any ^ G ^ri^) ^ decomposition 



Jo 



(65) 



with a 6* G '^^(P) and a G Ml{F) which is strongly orthogonal to I^(P), i.e. N J 9dB is a P 
martingale for every G ^^(P) or equivalently {B,N'')s = for ah s G [0,r], where N'^ denotes the 
continuous part of N (since B,N are square integrable see [13] 1.4.15). Moreover this representation 
is unique up to indistinguishability. 



Proof: Let = 0, z° = and define recursively for n > 1 by Galtchouk-Kunita-Watanabe 



^ fir,z:^-')dr + ^\T, 



e+ / f{r,zr')dr 



zyBr - {N^ ~ Nl'). 



(66) 
(67) 



First observe that for all n G N by induction and Burholder-Davis-Gundy the J^^-measurable random 
variable sup^gjj j^j \YJ^\ is square integrable. 

Set SY" = y" - (5z" = z" - iV" - A^"-i. Then it holds by Ito's formula 



^^'{SYpy = el^^iSYrpy - (3 I e'^'-((5y,")2dr + 2 / e^^'SY^' (/(r, z"^-^) - f{r, z"^-^)) dr 



e^''\Sz^\^dr- 



ef^''d{{5N'' 



^ e^'' [{5Y^_ + ^SNl^f - {5Y:;!_f - 2^r,1A(57V;] 



s<r<T 



3^''SY:!:'Sz"dBr 



SY^dSNi; 



where ASN" denotes the jumps of SN". 

Since sup^gjo t] I^s"I square integrable, all martingales in above equation are real martingales with 
expectation zero. Hence we have using the Lipschitz assumption (A.l) and Cauchy inequality for all 
e > 



E [e^'{SY^')^] +E 
= E [e^^{SY^)^] - 

< E [e^^((5r^)2] - 

< E [e^^iSY^'f] + (--/?) E 











+ E 


J e^'^d{SN"}r 









13 / e^''(5i;")2dr 



/3 / e^''((5i;")2dr 



2E 



2cE 



s^'-<5y;'(/(r,z«-i)-/(r,z«-2)) 



3^'-SY;'\Sz'^-^\dr 



e^''{5Y^fdr 



z^''\Sz'^~^\''dr 
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Thus 









+ E 




+ E 




J S 





<^[ef'^{5Y^f] +ceE 



J s 



■dr 



Since by construction 6Y^ = we have choosing e < ^ and (i > c? 











E 


j e^''\5z';:\'^dr 


< ce E 


j e^''\5z'^-^\''dr 











hence convergence of in the space 'H^(P) with a weighted norm implying the convergence of 

{z'^)nen in ^^(P) to a process z. It follows then immediately by (A. 3), that (F")„gN converges in 
H^(P) and by Galtchouk-Kunita-Watanabe there exist unique (up to indistinguishability) A'' e M.%{^), 
such that the triplet {Y, z, N) solves (A. 2). □ 

In other words there exists a unique z G 'H^(P) such that Y can be represented as 



n = E 



/ f{r,Zr)ds + ^\Fs 

J s 



(68) 



Furthermore we note that by the very same methods as in the proof to Theorem A.l. we have the 
following dependence on the data. 

Proposition A.3. For i = l,2, let C S >C|(P). Let f : ^Ix [0,T]xW' be two generators for the 
BSDE (A. 2), i.e. 'P(g)B(M'*) measurable, P{-,0) € 'H^(P) and p are uniformly Lipschitz continuous 
in z. 

Let {Y\z\N') e n^{F)xn^{F)xMliP) be the respective solutions. SetSz = z^-z'^ andS^ = 
Sf = f^{-,z'^) - f'^i-,z'^). Then it holds for any s e [0,T] 



E 



/ \5zr\^dr\J^s 

J s 



< 



c E[|5Cn^,] +E 



r \Sfr 
J s 



'^dr\Ts 



(69) 



Also we have the following comparison principle. 

Theorem A.4. For i = 1,2, let C € >C|,(P). Let : x [0, T] x R*^ M be two generators for the 
BSDE (A. 2), i.e. /* isV®B(W^) m,easurable, uniformly Lipschitz continuous in z and/'(-,0) €'H'^{¥). 
Let iY\z\N') e -H^(P) x -^^(P) x 7W§(P) be the respective solutions. Assume 

(i) (5^ = ^1 - ^2 > holds f-a.s. 

(ii) Sf = f^{-,z'^)- f'^{-,z'^)>0 holds ¥ dt-a.s. 

Then for any time s e [0,T] it holds Yj- - Fj^ > P-a.s. 

Proof: Set 6Y, = Y^^ - Y^ Sz^ = zj - zl 5N, = - For {zl)k - {z^,)k > set 



A'fs 



whore l'^ = ((z2)i, .... (z2)j^. {z%+^,. . . , {zP'%), and = else. 
Then SYP solves the hnear BSDE 

5Y, = S^T+ [ {A'fr 5zr + Sfr) dr - f SzrdBr - SNt + 5N, 

J s J s 



(70) 



Since is uniformly Lipschitz continuous in z, ft is bounded. Hence for any s € [t, T] the stochastic 
exponentials 



Vl = E\ \ A'f^ dB^ 



e [s,T] 
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are real positive martingales with expectation 1 and by Girsanov (see e.g. Theorem III. 3. 24 [13]) the 
solution of the linear BSDE (A. 8) is given by 



5Y, = E 



Thus SYs > almost surely for any time s e [0,r]. 



□ 
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